Krishnamoorthy, Thulasiraman and Swamy [Minimum order graphs with specified diameter, connectivity and regularity, Networks 19 (1989) 25-46] showed that a δ-regular graph with diameter D at most 3 has (vertex-)connectivity κ at least 2, and if D ≤ 2 then the connectivity is at least κ ≥ min{δ, 3}. Likewise, Soneoka, Nakada, Imase and Peyrat [Sufficient conditions for maximally connected graphs, Discrete Mathematics 63 (1) (1987) [53][54][55][56][57][58][59][60][61][62][63][64][65][66] proved that a graph with diameter D ≤ 2 (g − 1)/2 − 1 has maximum connectivity κ = δ. In this work we generalize and improve these results for δ-regular graphs. More precisely we prove that if D ≤ 2 (g − 1)/2 + 1 then κ ≥ 2, and if D ≤ g − 1 then κ ≥ min{δ, 3}. Furthermore, we prove for g even that if D ≤ g − 2 then κ ≥ min{δ, 6}, and for bipartite δ-regular graphs we obtain that if D ≤ g −1 then κ ≥ min{δ, 4}, and if D ≤ g then κ ≥ 2. We establish similar bounds for the edge connectivity and present some examples showing that these results are best possible, at least for particular values of the girth and the regularity δ.
Introduction
Throughout this paper, only undirected simple graphs without loops or multiple edges are considered. Unless otherwise stated, we follow [3] for terminology and definitions.
Let G = (V, E) be a graph with vertex set V = V (G) and edge set E = E(G). A graph G is called connected if every pair of vertices is joined by a path; that is, if its diameter satisfies D < ∞. If S ⊂ V and G − S is not connected, then S is said to be a cutset. Certainly, every connected graph different from a complete graph has a cutset. A component of a graph G is a maximal connected subgraph of G. A (noncomplete) connected graph is called k-connected if every cutset has cardinality at least k. The connectivity κ = κ(G) of a (noncomplete) connected graph G is defined as the maximum integer k such that G is k-connected. The minimum cutsets are those having cardinality κ. The connectivity κ of a complete graph K δ+1 on δ + 1 vertices is defined as κ(K δ+1 ) = δ. Analogously, for edge connectivity an edge-cut in a graph G is a set W of edges of G such that G−W is nonconnected. If W is a minimum edge-cut of a connected graph G, then G−W contains exactly two components. Every connected graph on at least two vertices has an edge-cut. The edge-connectivity λ = λ(G) of a graph G is the minimum cardinality of an edge-cut of G. A classic result due to Whitney is that for every graph G, κ ≤ λ ≤ δ. A graph is maximally connected if κ = δ, and maximally edge-connected if λ = δ.
Sufficient conditions for a graph with minimum degree δ to be maximally connected have been given in terms of its diameter D and its girth g. Thus, the following result is contained in [10] :
Concerning bipartite graphs, an analogous result was given in [1, 6] :
In [4, 10] lower bounds for the connectivity of a graph were given in terms of the number of vertices, diameter, and maximum degree. Results relating the connectivities of a graph only with its diameter can be found in [9] , where Krishnamoorthy, Thulasiraman and Swamy showed that a δ-regular graph with diameter D and (vertex-)connectivity κ, satisfies:
In this paper we study the connectivity of δ-regular graphs with girth g when the diameter is greater than the bounds given in (1) and (2) and obtain a generalization of the results contained in (3). More precisely, for δ-regular graphs first we prove that if D ≤ 2 (g − 1)/2 + 2, then λ ≥ 2; and if D ≤ 2 (g − 1)/2 + 1, then κ ≥ 2. Furthermore, we prove that if D ≤ g − 1 then both κ ≥ min{δ, 3} and λ ≥ min{δ, 4} hold. Moreover, from (1) and (2) we know that if D ≤ g − 2 then the graph is maximally connected if either its girth is odd or the graph is bipartite; we extend these results proving that the connectivity of δ-regular graphs with even girth is at least κ ≥ min{δ, 6}. We have obtained similar result for bipartite δ-regular graphs. In this case we have shown that a graph is 2-connected whenever D ≤ g, and it is 4-connected if D ≤ g − 1. Additionally we present some examples for particular values of the girth and the regularity showing that the above results are best possible.
Main Results
We first determine lower bounds of the connectivities of a δ-regular graph with diameter D ≤ 2 (g−1)/2 +2 and D ≤ 2 (g−1)/2 +1. Then we consider the case of diameter D ≤ 2 (g−1)/2 . We use the following known result, from which (1) and (2) are a direct consequence, to prove our first theorem.
Lemma 2.1 [2, 5, 7, 8, 10] Let G be a graph with girth g and minimum degree δ. Assume that S is a cutset with cardinality
(b) κ ≥ 2 if any of the following statements hold:
Proof: (a) Suppose λ = 1. Let w 1 w 2 be a bridge of G and let H 1 , H 2 be the two connected components of G − w 1 w 2 where
and N (w 2 ) − w 1 are cutsets of cardinality less than δ. Therefore, by Lemma 2.1 there exists a vertex
Reasoning in the same way, we find a vertex
which contradicts the hypothesis on the diameter. 
which contradicts the hypothesis in (b.2) on the diameter. When g = 3 or 4, Theorem 2.1 tells us that a δ-regular graph with diameter at most 4 has edge-connectivity λ ≥ 2; and if the diameter is at most 3, the graph has connectivity κ ≥ 2. Hence Theorem 2.1 contains a first part of the result (3) by Krishnamoorthy, Thulasiraman and Swamy, and so Theorem 2.1 can be seen as an extension of this result. Our aim is to generalize (3) for any girth g. In order to demostrate that the lower bound for the connectivity given by Theorem 2.1 is best possible when D ≤ 2 (g − 1)/2 + 1, consider the union of two complete graphs K δ−1 , K δ−1 , together with two independent edges aa , bb . Then add all the edges between a and each vertex of K δ−1 , and add all the edges between b and each vertex of K δ−1 . Also add all the edges between a and and each vertex of K δ−1 , and all the edges between b and each vertex of K δ−1 . This gives a δ-regular graph with g = 3, D = 3 and κ = λ = 2. In Figure 4 we give an example of a 4-regular graph with g = 4, D = 4 and κ = 1. This example proves that the upperbound on the diameter given in Theorem 2.1 is best possible, at least for girth g = 4 and the regularity δ = 4.
Next we study the connectivity of δ-regular graphs G with girth g and diameter D ≤ g − 1.
Assume that S ⊂ V is any minimum cutset of G; from now on, for every component 
Lemma 2.2 Let G be a δ-regular graph with girth g, diameter D. Assume that S is a cutset of G with |S| < δ and let C be a component in G − S with µ(C)
We reason by contradiction assuming that
So these two paths together with the path of length two v 1 vv 2 , define a cycle whose length is 2µ = 2 (g − 1)/2 < g, which is a contradiction.
since otherwise a cycle of length at most 2µ < g appears. So we get that
and reasoning in the same way, we prove that 
We apply Lemma 2.2 to obtain a complete generalization of the result (3), in terms of the girth of the graph. Before proceeding, we need to introduce some notation that will be used in the rest of this work. Assume that G is a nonmaximally connected δ-regular graph, and consider the set F of all cutsets of G having cardinality κ < δ. For every F ∈ F, let C F denote a smallest component of G − F . From now on we will take S ∈ F satisfying |V (
Indeed, suppose N (s) ∩ V (C S ) = {v} for some s ∈ S. Then the set F = {v} ∪ (S − s) is a cutset belonging to F and satisfying |V (C F )| < |V (C S )|, against the definition of S.
Moreover, let C 1 and C 2 be any two different components of G − F , where 
Suppose that g is odd and that there exists a vertex v ∈ N µ (S) ∩ V (C 1 ) such that N µ (v) ∩ S = {s 1 }. By inequality (5) 
Moreover, by Lemma 2.2 (c.1) this fact is also true if g is even. Therefore,
Since s 1 ∈ N µ (u) ∩ S, from both Lemma 2.2 (b) and (6) 
, contradicting the inequality above.
Therefore, we conclude that κ ≥ 3.
Notice that the above lemma tells us that δ-regular graphs with δ ≥ 3 are 3-connected if either the girth is odd and D ≤ g − 1, or if the girth is even and D ≤ g − 2. Going one step further, we will state that δ-regular graphs with girth g are 3-connected if D ≤ g − 1. This will be obtained as a consequence of the following result for g even. 
Claim: There exists a vertex x
If h = 1 this is true by hypothesis. So suppose h ≥ 2 and consider a vertex z ∈ N h (F )∩V (C) for which 
and therefore we can take x = w. Now, let us consider a vertex x satisfying the Claim. Noticing that | (N h (x)∪N h+1 (x) )∩F | ≥ |N (x)| ≥ δ, we can partition the set F into two nonempty disjoint sets, F with |F | = δ − 1, and F = F \ F , in such a way that
That is, for every vertex f ∈ F there exists a shortest (x, f )-path of length h or h + 1. As |F | = δ − 1, we can ensure that there exists a vertex x ∈ N (x) ∩ V (C) that is not on the shortest paths from
Let W be a minimum edge-cut of G with |W | = λ and let H 1 , H 2 be the two connected
be the sets of all endvertices of the edges in W , so we write W = W 1 W 2 . Note that 1 ≤ |W i | ≤ λ, i = 1, 2. Before proceeding to the main result, we need to remind the following known lemma.
Lemma 2.5 [2, 5, 7, 8, 10] Let G be a graph and
Theorem 2.2 Let G be a δ-regular graph with girth g and diameter
Proof: (a) First note that we can assume g even, because λ = δ if g is odd by (1) . From Theorem 2.1 it follows that λ ≥ κ ≥ 2, so we assume that 2 ≤ λ < δ and consider an edge-cut W = W 1 W 2 of λ edges of G. Without loss of generality suppose 2 ≤ |W 1 | ≤ |W 2 | ≤ |W | = λ. Let H 1 , H 2 be the two connected components of G − W . By Lemma 2.5, there exists a vertex 
First let us suppose g = 4; that is, V (C 1 ) = X and µ = 1. If some x ∈ X was adjacent to both s 1 and s 2 , then any vertex x of N (x) \ {s 1 , s 2 } would satisfy d(x , S) ≥ 2 contradicting µ = 1. Thus assume x ∈ X is only adjacent to s 1 . As g = 4, every vertex of N (x) − s 1 ⊂ X must be adjacent to s 2 and must also be adjacent to a set
Secondly, suppose g ≥ 6; that is, µ ≥ 2 and so X is a cutset. If there existed a vertex w in G such that N (w) ⊂ X then, as δ ≥ 3 and every vertex of X is adjacent to s 1 or s 2 , two vertices of N (w) would be adjacent to the same s i closing cycles of length four which is an absurdity. Therefore |N (w) ∩ X| ≤ δ − 1 for every w of G. Since |X| ≤ 2δ − 3, we can apply Lemma 2.4 which allows us to consider a vertex
(c) By (1) κ = δ if g is odd, so we can assume that g is even. Let S be a cutset of κ < δ vertices and let C 1 and C 2 be two different components of G − S.
taking into account the inequality (4) we have µ(
Notice that this implies in particular that κ ≥ 4, and according to our assumption, we have 4 ≤ κ < δ.
reasoning in the same way it can be shown that |N (s * ) ∩ Y | ≥ δ − κ + 2, hence (7) holds.
As a consequence, 2δ −2κ+4 ≤ |N (s * )| ≤ δ which only holds if κ = 5 and δ = 6. In this case, all the above inequalities are equalities, so
A (δ, g)-cage is a smallest δ-regular graph with girth g. It is known that the diameter of a (δ, g)-cage is at most g. Then as a consequence of Theorem 2.1, it follows that the edgeconnectivity of any (δ, g)-cage is at least two, and the connectivity of a (δ, g)-cage with g odd is at least two. However, any known (δ, g)-cage has D ≤ g − 2, thus from Theorem 2.2 it follows that any known (δ, g)-cage has κ ≥ min{δ, 6} and it is maximally edge-connected by (1). 
